We present a class of holographic massive gravity models that realize a spontaneous breaking of translational symmetry -they exhibit transverse phonon modes whose speed relates to the elastic shear modulus according to elasticity theory. Massive gravity theories thus emerge as versatile and convenient theories to model generic types of translational symmetry breaking: explicit, spontaneous and a mixture of both. The nature of the breaking is encoded in the radial dependence of the graviton mass. As an application of the model, we compute the temperature dependence of the shear modulus and find that it features a glass-like melting transition.
I. INTRODUCTION
In the last decade the gauge/gravity duality has proven to be an efficient tool to tackle condensed matter questions in the context of strongly coupled physics [1] [2] [3] . Despite the various directions and applications pursued, a fundamental piece of the condensed matter phenomenology is still missing in the holographic puzzle: a concrete, simple and clear realization of phonons with standard properties as dictated by elasticity theory, see e.g. [4] . With the present letter we shall rectify this deficiency by presenting a class of simple holographic models featuring transverse phonons and elastic properties.
Recently there has been significant progress towards including translational symmetry breaking, momentum dissipation and their consequences on transport in the context of holography [5, 6] (see [1] for a complete list of references). Within that framework, Massive Gravity (MG) stands out as a convenient and flexible gravity dual where the momentum relaxation time is set by the graviton mass τ [7] [8] [9] . The question regarding the nature of the translational symmetry breaking, i.e.
whether it occurs in a spontaneous or explicit manner, is however subtle. According to the holographic dictionary, the answer lies in the asymptotic UV behavior of the bulk fields breaking the translational invariance [10] . In the case of massive gravity this relates to the radial dependence of the graviton mass, which was shown to admit a broad range of possible profiles m g (u) compatible with theoretical consistency [11, 12] .
A first evidence confirming this logic was presented in [13] , where gapped transverse phonons were identified, with the size of the gap being directly related to the asymptotic behaviour of the graviton mass. This suggests a clear way to realize gapless phonons by ensuring a rapid enough decay of m g (u) towards the boundary.
In this letter we consider a subclass of the holographic MG models introduced in [11, 12] exhibiting such behaviour. We then demonstrate explicitly how it can attain a spontaneous symmetry breaking (SSB) of translations and provide a realization of massless phonons, i.e. the corresponding Goldstone bosons. The resulting gapless modes show properties indentical to the transverse phonons in solids. In particular, we find that their speed of propagation is in perfect agreement with the expectations from elasticity theory [14] . To the best of our knowledge this is the first time that transverse phonons are realized within holography, with a sharp and clear relation to the elastic moduli as dictated by standard elasticity theory [15] .
Despite the fact that the physics of phonon excitations and elasticity in weakly coupled materials is well known, their holographic realization has remained abarXiv:1711.03100v1 [hep-th] 8 Nov 2017 sent for more than a decade. We believe that the present work will clarify how the phonons can be encoded in the holographic models. In addition, by the AdS/CFT dictionary, this will contribute to a better understanding of the role of phonons in strongly coupled materials.
II. HOLOGRAPHIC SETUP
We consider generic solid holographic massive gravity models [11, 12] :
We study 4D AdS black brane geometries of the form:
where u ∈ [0, u h ] is the radial holographic direction spanning from the boundary to the horizon, defined through f (u h ) = 0, and is the AdS radius.
The φ I scalars are the Stückelberg fields admitting a radially constant profile φ I = x I with I = x, y. This is an exact solution of the system due to the shift symmetry. In the dual picture these fields represent scalar operators breaking the translational invariance because of the explicit dependence on the spatial coordinates. In this letter we shall consider benchmarks models of the type
These are referred to as massive gravity theories because, among other reasons, the metric perturbations acquire a mass term given by m 2 g (u) = 2m 2 X V with the background value for X = u 2 / 2 . The absence of ghost and gradient instabilities enforces the conditions V > 0 and c 2 (bulk) = 1 + X V /V > 0 which constrain the power to satisfy n > 0 [11] .
In the following we assume standard quantization. This means that the near-boundary leading mode of the Stückelberg fields, φ I (l) , sets the source for the dual operator O I breaking the translational invariance. The expectation value O I is in turn set by the subleading mode φ I (s) . For potentials of the type (3) the asymptotic expansion of the Stückelberg scalars close to the UV boundary at u = 0 is given by:
where φ I (0) t, x i = x I = 0 on the bulk solution. Depending on the value of n one can then distinguish two cases. If n < 5/2 then φ I (0) is the leading term in the near-boundary expansion and corresponds to the source, i.e. φ I (l) = x I . As a consequence, the dual QFT contains an explicit breaking term which gives rise to a finite relaxation time τ −1 rel ∼ m 2 g for the momentum operator [8] . This is the case for all the potentials V (X) that have so far been considered in the literature [11] [12] [13] .
The main observation is that if instead one considers a potential of the form V (X) = X n with a sufficiently large n > 5/2, the mode φ I (0) becomes subleading in the boundary expansion (4). Hence, for n > 5/2 the solution φ I = x I for the scalar bulk fields gives rise to an expectation value O I = 0 for its dual operator while its source vanishes, leading to the SSB pattern [16] . Intuitively such a condition corresponds to demanding that the radially dependent graviton mass m g (u) is large at the horizon and quickly vanishes at the boundary, as already suggested in [11, 13] .
Let us now focus on an important feature of the benchmark models (3). For n = 1 -our main focus in this work -the kinetic term for the Stückelberg fields φ I is non-canonical: they do not have a quadratic action. This implies that their quantization is at best non-standard, and thus the theory is strongly coupled on and near the trivial solution φ I = const. For this reason, the interpretation of this classical solution as a valid quantum vacuum is quite dubious. Instead, for the non-trivial solution, φ I = x I , the conclusion changes in a radical way. The main point is simply that around a non-trivial solution the Stückelberg fields do acquire a standard quadratic kinetic term, at least in part of the geometry. To illustrate this, it suffices to consider the Stückelberg fields in the transverse sector. Separating them into background and perturbations as φ I = x I +π I , with ∂ i π i = 0, one can easily expand the Lagrangian in powers of π's to find
whereX denotes the background value, u 2 / 2 , and
One can estimate the strong coupling scale in this sector by going to canonical normalization π c = M P m √ V π and finding the scale suppressing the dimension-8 operator (∂π c ) 4 /Λ(u) 4 . The strong coupling scale Λ(u) is actually radial dependent and is given by
For our benchmark models (3) with generic n this translates into
Thus, for a fixed mass parameter m 2 the transverse field perturbations π I become strongly coupled above a different energy scale Λ(u) for each value of the radial distance u.
Since Λ(u) asymptotically vanishes towards the AdS boundary located at u = 0, then in practice our EFT in the bulk is tractable only down to a certain radius, for u > u * . In the dual CFT the scale u * clearly corresponds to some UV cutoff. This is a very welcome feature since we do expect the strength of phonon self-interactions to increase towards high energies, as they do in weakly coupled materials, see e.g. [17] . The scale u * is thus naturally identified with the lattice spacing scale a, setting an upper cutoff to the phonons frequency. In physical terms this cutoff relates to the fact that the phononic vibrational modes cannot be excited above the so-called Debye temperature [18] . Therefore it is neither surprising nor problematic to have a UV cutoff in our gravitational theory; on the contrary, it is an important physical property which makes these models more realistic. How small u * is depends on how small we can tolerate the Stückelberg strong coupling scale, Λ * , anywhere in the bulk. Notice that this is a new parameter in the model, independent from the parameters that appear in (1) [19] .
There are two basic and obvious constraints in choosing Λ * . First, Λ * must be bigger than the typical gradients, that is, Λ * 1/ . Second, in order to still be able to read off the holographic correlators from the decay modes of the bulk fields, we also need the UV cutoff u * to be close to the AdS boundary, so that u *
. In other words, we must ensure that the ratio u * / is sufficiently small.
Thus we can write Λ * = (m M P ) 1/2 (u * / ) n/2 and think of u * / as a fixed small number. Requiring that Λ * 1 then gives
Note that M P has to be large for the employed semiclassical treatment of the gravitational side to be valid. Hence, for any given small u * / and any n, we can satisfy the two constraints with m of order one. Once these conditions are met, then these constructions allow to model in a controlled way the physics of phonons in critical/conformal solids.
weakly coupled Stückelberg fields
A sketch of the validity of the EFT in the bulk and its dual interpretation.
III. RESULTS

A. Phonons and elasticity
In solids translational invariance is spontaneously broken. The corresponding Goldstone bosons -the phonons -play a crucial role in the description of the low energy physics and the elastic properties of the materials. Their dynamics can be entirely captured via effective field theory methods [17, 20] . Depending on the direction of propagation with respect to the deformation of the medium they can be classified into longitudinal and transverse phonons; in this letter we shall focus on the latter. The presence of propagating transverse phonons, also called the shear sound, is a characteristic property of solids and provides a clear physical distinction from fluids.
The dispersion relation for the transverse phonons takes the simple form [4] :
where c T is the speed of propagation and D is the momentum diffusion constant, proportional to the finite viscosity η of the medium. In the absence of explicit breaking, neither mass gap nor damping is present [21] . In relativistic systems, the velocity is set to be [4, [22] [23] [24] :
where G is the shear elastic modulus and χ P P is the momentum susceptibility. Both of these quantities can be extracted via the Kubo formulas from the T xy (shear stress) and T tx (momentum) retarded correlators as follows:
.
The momentum susceptibility coincides with [1] :
where is the energy density and P is the mechanical pressure [25]. In order to confirm the presence of transverse phonons and verify Eq. (7), we find the spectrum of the quasinormal modes (QNMs) of the system in the transverse sector. Here we have done it explicitly for potentials of the type V (X) = X n for several values of n ∈ [3 − 8] including also non-integer values [26] . For concreteness, some of the following plots only show specific realizations; nevertheless the qualitative conclusions drawn from the data are the same in all cases.
In Fig. 2 we show the spectrum of QNMs at zero momentum and different temperatures for n = 5. We find a QNM located at zero frequency, corresponding to a gapless quasi-particle, the putative phonon in our holographic model. Moreover, we note that for any temperature the next QNM is already highly damped. Next, we analyze the QNM spectrum at finite momentum k. In Fig. 3 we show the behavior of both its real and imaginary parts. As evident from Fig. 3 , this quasinormal mode satisfies the expected dispersion relation of Eq. (6) [27]. Hence it is neither attenuated nor gapped. We note that the speed c T decreases with increasing temperature (see Fig. 4 ) while the diffusion constant D increases with T /m. In particular, at T /m = 0 the diffusion constant and the viscosity vanish D = η = 0 (see also [28, 29] ) and the elastic modulus G is maximal. In turn, at T /m 1 the viscosity is maximal and the elastic modulus is zero. In other words, the physics interpolates from a solid behaviour at zero temperature to a fluid behaviour at high temperatures in a continuous way, exhibiting viscoelastic features in the intermediate temperature range. This feature is qualitatively similar to a glassy transition typical to viscoelastic materials [30] [31] [32] , as shown in the inset of Fig. 4 and explained in more detail in Appendix A.
Crucially, as shown in Fig. 4 , the sound speed of the transverse phonons extracted from the quasi-normal mode analysis is in perfect agreement with the expectations from the elastic theory given in Eq. (7). We note that the value of the velocity in the zero-temperature limit is always subluminal, but is not universal, contrary to an earlier probe-limit claim of [33] Moreover, we find that for n ≥ 3 the sound speed satisfies the bound c 2 T ≤ 1/2 arising for conformal solids [33] . 
B. Conductivity and viscosity
By introducing a finite charge density ρ we are able to analyze also the electric optical conductivity σ(ω) of our system. In the presence of only SSB its low frequency expansion is expected to be given by [1] :
where σ Q is the so-called incoherent conductivity (see [34, 35] ). Notice that because of the absence of a finite momentum relaxation time, τ rel , or equivalently of an explicit breaking mechanism, the DC conductivity is infinite.
We have computed the optical conductivity of our class of models via the Kubo formula:
As shown in Fig. 5 , the low frequency behaviour of the conductivity agrees with the form presented in (10); also the Drude weight is in perfect agreement with the hydrodynamics expectations. This allows us to confidently claim that our setup (1) does indeed represent a dual of the SSB of translational invariance, together with all its physical manifestations. Finally, let us comment on the momentum diffusion constant D appearing in the dispersion relation (6) and related to the hydrodynamical viscosity η by D = η/χ P P . We find that η does not agree with the value extracted via the Kubo formula: This was already noticed for the explicit breaking case with n = 1 in [36, 37] . Here we confirm this disagreement between the two viscosities for generic values of n by a direct numerical computation of the shear mode dispersion relation.
IV. CONCLUSIONS
We present a simple holographic gravity dual for phonons in strongly coupled materials, whose properties are in perfect agreement with elasticity theory. Our results open a new window for the study of strongly coupled solids via the AdS/CFT methods. In the process, we also sharpen and quantify the connection between elastic theory and massive gravity [7, 11, 12, 38] .
The future possibilities are diverse. One direction of clear interest is to compute and characterize the viscoelastic response of these models in more detail. This will clarify the connection with the known glassy melting transitions [30] [31] [32] . In this regard it seems relevant to study the response under time-dependent stresses as it could shed light on further signatures typical for amorphous and viscoelastic materials like slow relaxation and aging [39] (see e.g. [40] for previous works).
In addition, it would be compelling to elucidate any possible relation to the so-called quantum critical elasticity [41, 42] .
Finally these methods can be used to model the optical transport properties of the strange/bad metals in terms of the interplay between the explicit and spontaneous breaking of translations [43, 44] . zon. The temperature reads
For potentials of the form V (X) = X n , the energy density of the black brane reads
and can be easily derived from (A1). The grand canonical potential for these models is
where V is the area of the spatial boundary. We note that only in the regime n ∈ 1 2 , 3 2 the contribution to the free energy due to the mass term is negative. For other powers of n, it is the scalar field solution φ I = 0 that defines the minimum of the potential. This raises a natural concern that for these values of n the thermodynamic ground state should be determined by the φ I = 0 solution, and not the solution φ I = x I . The resolution to this concern is that, as argued in the main text, the φ I = 0 solution is in the strong coupling regime and therefore even its existence as a saddle point is questionable.
Heat capacity and elasticity.
Given the expression for the entropy density in our setup, s = 2π/u 2 h , we can easily compute, as already analyzed in [55] , the heat capacity at zero chemical potential as:
We obtain:
where the potential V is computed on the background value evaluated at the horizon ≡ u
